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Abstract
This note presents some results on the divisibility of certain coe"cients of the chromatic
polynomials.
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Let G be a graph with vertex set V (G) and edge set E(G), and of order n (=|V (G)|)
and size m (=|E(G)|). Suppose  :E(G) → {1; 2; : : : ; m} is a bijection. For any cycle
C in G, let e∈E(C) such that (e)¿ (x) for any x∈E(C). We call the path C − e,
obtained by deleting e from C, a broken cycle in G with respect to .
Given a positive integer , let P(G; ) denote the number of distinct -colourings of
G. Whitney [6] showed that
P(G; ) =
n∑
i=1
(−1)n−iai(G)i; (1)
where ai(G) counts the number of spanning subgraphs of G that have exactly n − i
edges and that contain no broken cycles. We call (1) the chromatic polynomial of
G (see [3–5]). The coe"cient a1(G) in (1) is interesting in its own right. Read [4]
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observed that G is connected iE a1(G)¿ 1. Eisenberg [1] noted that G is a tree iE
a1(G) = 1. Let (G) denote the chromatic number of G. Hong [2] showed that:
(i) if G is connected, then a1(G) is divisible by ((G)− 1)! and
(ii) G is connected and bipartite iE a1(G) is odd.
In this note, we shall present some results on the divisibility of certain ai(G) which
extend Hong’s results mentioned above.
Let x denote the largest integer not exceeding the real x. For any integers k and
i with k¿ 0 and i¿ 0, deJne
(k; i) =
{
1 if k ¡ 2i;
k=i!(k − k=i; i) if k¿ 2i:
(2)
Observe that (k; 1) = k!. The following table shows the values of (10; i) for
i = 1; 2; : : : ; 10:
i 1 2 3 4 5 ¿ 6
(10; i) 10! 5!× 2! 3!× 2! 2! 2! 1
Our Jrst main result is given below.
Theorem 1. For any graph G, ai(G) is divisible by ((G) − 1; i) for each
i = 1; 2; : : : ; (G)− 1.
To establish Theorem 1, we Jrst prove the following two lemmas.
Lemma 1. Let k and i be positive integers, and x1; x2; : : : ; xi be any i non-negative
integers. If
∑i
j=1 xj ¿k − i, then
∏i
j=1 (xj!) is divisible by (k; i).
Proof. If i=1, then x1¿k − 1 and (k; 1)= k!, and so the result holds. Assume that
i¿ 2. We shall prove the result by induction on k. If k6 2i− 1, then (k; i) = 1 and
thus the result holds.
Suppose that the result holds when k ¡m, where m¿ 2i. Now let k = m.
We Jrst note that xj¿ k=i for some j; otherwise, we have
x1 + x2 + · · ·+ xi6 i(k=i − 1)6 i(k=i − 1) = k − i;
a contradiction. We may assume that x1¿ k=i. Observe that
x1! = k=i!(x1 − k=i)!
(
x1
k=i
)
:
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Let x′1 = x1 − k=i. Then
i∏
j=1
(xj!) = k=i!
(
x1
k=i
)
x′1!x2! · · · xi!: (3)
Since
x′1 + x2 + · · ·+ xi = x1 + x2 + · · ·+ xi − k=i¿ (k − k=i)− i
and k=i¿ 2, by the induction hypothesis, x′1!x2! · · · xi! is divisible by (k − k=i; i).
Thus, by (3), x1!x2! · · · xi! is divisible by (k; i), as required.
Lemma 2. Let n and k be any integers with n¿k¿ 1. Then ai(Kn) is divisible by
(k; i) for each i = 1; 2; : : : ; k.
Proof. We have
P(Kn; ) =
n−1∏
t=0
(− t):
Let N = {1; 2; : : : ; n− 1}. Then
ai(Kn) =
∑
R⊆N
|R|=n−i
∏
r∈R
r: (4)
Observe that for R ⊆ N with |R|=n−i, there exist b1; b2; : : : ; bi−1 ∈N with b1¡b2¡ · · ·
¡bi−1 such that
∏
r∈R
r =
(n− 1)!
b1b2 · · · bi−1 = (b1 − 1)!
i∏
j=2
(bj − bj−1 − 1)!
(
bj − 1
bj − bj−1 − 1
)
;
where bi = n. Let x1 = b1 − 1 and xj = bj − bj−1 − 1 for j = 2; : : : ; i. So
∏
r∈R r is
divisible by
∏i
j=1 (xj!). Observe that
x1 + x2 + · · ·+ xi = n− i¿ k − i:
By Lemma 1,
∏i
j=1 (xj!) is divisible by (k; i). Hence
∏
r∈R r is divisible by (k; i).
The result thus follows from (4).
Let G be any graph, and u; v be any two vertices in G. If uv ∈ E(G), let G+ uv be
the graph obtained from G by adding an edge joining u and v; otherwise G+ uv=G.
If uv ∈ E(G), let Guv denote the graph obtained from G by identifying u and v and
replacing all multi-edges by single ones. The following fundamental reduction formula
is well known (see [4]):
P(G; ) = P(G + uv; ) + P(Guv; ); (5)
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where u and v are non-adjacent vertices of G. It follows from (5) that
ai(G) = ai(G + uv)− ai(Guv);
for any integer i¿ 1.
The chromatic polynomial P(G; ) can also be expressed in factorial form (see, for
instance, [3,4]) as shown below:
P(G; ) =
n∑
j=(G)
bj()j; (6)
where n is the order of G,
()j = (− 1) · · · (− j + 1) = P(Kj; )
and bj is the number of ways of partitioning V (G) into j non-empty colour classes
(or independent sets).
We are now in a position to prove Theorem 1.
Proof of Theorem 1. Let n be the order of G. By (6), we have
P(G; ) =
n∑
j=(G)
bj()j:
Thus,
ai(G) =
n∑
j=(G)
(−1)n−jbjai(Kj):
By Lemma 2, ai(Kj) is divisible by ((G) − 1; i) for all j¿ (G) and i = 1; 2; : : : ;
(G)− 1. Therefore, ai(G) is divisible by ((G)− 1; i) for i=1; 2; : : : ; (G)− 1.
Theorem 1 states that ((G) − 1; i) | ai(G) for each i = 1; 2; : : : ; (G) − 1. As no
explicit expression for (k; i) has been found, it is useful to Jnd a factor of (k; i)
which is quite close to it and has an explicit expression. We shall show in what follows
that (∏
s¿1
⌊
(i − 1)s−1k
is
⌋
!
)∣∣∣∣∣(k; i)
for any non-negative integer k, and from which we have ((G) − 1)! | ai(G) (which
gives Hong’s observation (i)) and(∏
s¿1
⌊
(i − 1)s−1k
is
⌋
!
)∣∣∣∣∣ ai(G)
for i = 2; 3; : : : ; (G)− 1.
This result will be found useful later.
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Corollary 1. For any graph G, a1(G) is divisible by ((G)−1)! and ai(G) is divisible
by
∏
s¿1
⌊
(i − 1)s−1((G)− 1)
is
⌋
!
for i = 2; 3; : : : ; (G)− 1.
Proof. By Theorem 1, ai(G) is divisible by ((G) − 1; i) for i = 1; 2; : : : ; (G) − 1.
Since ((G) − 1; 1) = ((G) − 1)!, the result holds when i = 1. Assume that i¿ 2.
To prove this result, we shall prove that (k; i) is divisible by
∏
s¿1
⌊
(i − 1)s−1k
is
⌋
!
for any integer k¿ 0.
We shall prove the result by induction on k. If k ¡ 2i, then (k; i) = 1 and
∏
s¿1
⌊
(i − 1)s−1k
is
⌋
! = 1
and so the result holds in this case. Suppose that the result holds when k ¡m, where
m¿ 2i. Now let k = m.
By deJnition
(k; i) = k=i!(k − k=i; i):
Since k − k=i¡m, by the induction hypothesis, (k − k=i; i) is divisible by
∏
t¿1
⌊
(i − 1)t−1(k − k=i)
it
⌋
!:
Observe that
(i − 1)t−1(k − k=i)
it
¿
(i − 1)t−1(k − k=i)
it
=
(i − 1)tk
it+1
:
Hence (k; i) is divisible by
∏
s¿1(i − 1)s−1k=is!.
Our second corollary of Theorem 1 generalizes the ‘if’ part of Hong’s observation
(ii).
Corollary 2. For any graph G and any positive integers i and r, if ai(G) is not
divisible by r!, then (G)6 ir.
Proof. If (G)− 1¿ ir, then by Theorem 1, ai(G) is divisible by ir=i!, which is r!,
a contradiction.
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A graph G is said to be uniquely k-colourable if (G)= k and there exists a unique
way of partitioning V (G) into k colour classes (i.e., bk = 1 in (6)). It is clear that
G is connected and bipartite iE G is uniquely 2-colourable. Our second main result is
stated below.
Theorem 2. Let G be a uniquely k-colourable graph. If k= ip for some prime p and
positive integer i, then ai(G) is not divisible by p.
We Jrst prove the following result.
Lemma 3. For any prime number p and positive integer i, ai(Kip) is not divisible by
p.
Proof. Let N = {1; 2; : : : ; ip− 1}. Since
P(Kip; ) =
ip−1∏
j=0
(− j);
we have
ai(Kip) =
∑
N ′⊆N
|N ′|=ip−i
∏
t∈N ′
t:
Let Q={p; 2p; : : : ; (i−1)p}. Observe that |N −Q|= ip− i. Since p is prime, ∏t∈N ′ t
is divisible by p iE N ′ = N − Q. Therefore, ai(Kip) is not divisible by p.
Proof of Theorem 2. Again, we have
ai(G) =
n∑
j=ip
(−1)n−jbjai(Kj);
where n is the order of G. By Lemma 3, ai(Kip) is not divisible by p. But by Corollary
1 to Theorem 1, ai(Kj) is divisible by (j − 1)=i!. So ai(Kj) is divisible by p! if
j¿ ip. Since G is uniquely ip-colourable, we have bip = 1. Therefore ai(G) is not
divisible by p.
While the ‘if’ part of Hong’s result (ii) follows from Corollary 2 to Theorem 1, the
‘only if’ part follows immediately from Theorem 2.
Finally, we have:
Theorem 3. For any uniquely k-colourable graph G, where k¿ 2, a1(G) is not divis-
ible by k!.
Proof. We have
a1(G) =
n∑
j=k
(−1)n−jbja1(Kj):
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Observe that a1(Kj) = (j − 1)!. Hence a1(Kj) is divisible by k! iE j¿k. Since G is
uniquely k-colourable, we have bk = 1. Therefore a1(G) is not divisible by k!.
Corollary 1. For any graph G, if a1(G) is divisible by (k − 1)! but not by k!, then
(G)6 k and either:
(i) (G) = k; or
(ii) G is not uniquely r-colourable for any r.
Proof. Since a1(G) is not divisible by k!, by Corollary 2 to Theorem 1, (G)6 k.
Assume that (G)6 k − 1. If G is uniquely r-colourable for some r6 k − 1, then
by Theorem 3, a1(G) is not divisible by r!, contradicting the assumption that a1(G)
is divisible by (k − 1)!.
It is easy to construct a graph G with (G) = k such that a1(G) is divisible by k!.
For example, for the following graph G, we have (G) = 3 and a1(G) = 6.
This, however, is not the case if G is uniquely k-colourable as stated below.
Corollary 2. If G is a uniquely k-colourable graph, where k¿ 2, then a1(G) is divis-
ible by (k − 1)! but not by k!.
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